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An inverse problem utilizing the Levenberg–Marquardt method (LMM) is applied in this study to determine simulta-
neously the unknown spatial-dependent eﬀective thermal conductivity and volumetric heat capacity for a biological tissue
based on temperature measurements. The accuracy of this inverse problem is examined by using the simulated exact and
inexact temperature measurements in the numerical experiments. A statistical analysis is performed to obtain the 99% con-
ﬁdence bounds for the estimated thermal properties. Results show that good estimation on the spatial-dependent thermal
conductivity and volumetric heat capacity can be obtained using the present algorithm for the test cases considered in this
study.
 2006 Elsevier Inc. All rights reserved.1. Introduction
Tissue engineering and biotechnology in medicine, such as cryopreservation, therapy and ophthalmology,
emerged rapidly during the recent twenty years. For instance, prolonged storage of living biological systems
and laser heating in destroying small unresectable tumors, etc. In order to apply the above medical applica-
tions, the thermal properties, i.e. the eﬀective thermal conductivity and heat capacity per unit volume for tis-
sue, must be known. For this reason the estimation of thermal properties of tissue becomes important.
The direct thermal problem for tissue is concerned with the determination of temperatures of tissue when
the initial and boundary conditions as well as thermophysical properties of tissue are all speciﬁed. In contrast,
the inverse problem considered here involves the determination of the unknown spatial-dependent eﬀective
thermal conductivity and heat capacity per unit volume in a biological tissue from the knowledge of temper-
ature measurements taken within the tissue.
Many theoretical and experimental methods for measuring the thermophysical properties in engineering
material have been developed in the literature, they include, among others, steady state method [1], probe0307-904X/$ - see front matter  2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.apm.2006.06.002
* Corresponding author. Tel.: +886 627 47018; fax: +886 627 47019.
E-mail address: chhuang@mail.ncku.edu.tw (C.-H. Huang).
Nomenclature
C(r) eﬀective volumetric heat capacity
E(Æ) the statistical expected value operator
J objective function deﬁned by Eq. (3)
k(r) eﬀective thermal conductivity
P vector of unknown parameter
Q(r) heat generation rate by tissue
r dimensionless coordinate
t dimensionless time
T(r, t) estimated dimensionless temperature
Y(r, t) measured dimensionless temperature
Greek symbols
r standard deviation of measured temperature
x random number
d(Æ) Dirac delta function
w Jacobian matrix
l damping coeﬃcient
e convergence criteria
Superscript
n iteration index
1786 C.-H. Huang, C.-Y. Huang / Applied Mathematical Modelling 31 (2007) 1785–1797method [2], periodic heating method [3], least squares method [4] and pulse heating method [5]. However, all
the above references belong to either steady state or parameter estimations. The transient function estimation
in simultaneously measuring spatial-dependent thermal conductivity and heat capacity per unit volume is very
limited in the opening literature. Recently Flach and Ozisik [6] used the technique of parameter estimation in
estimating simultaneously the spatial-dependent thermal conductivity and heat capacity per unit volume for
engineering material in rectangular coordinate. The deﬁnition of parameter estimation is that the unknown
functional form is assumed known and only a few numbers of coeﬃcients are to be estimated.
Based on the textbook by Beck et al. [7], the inverse problems can be divided into two groups of estimations,
i.e. the function estimation and the parameter estimation. If the functional forms of the unknown quantities are
known and only a few parameters of the functional are to be estimated, it is called the ‘‘parameter estimation’’.
If the functional forms of the unknown quantities are not known and they are to be estimated as some individ-
ual components, it is called the ‘‘function estimation’’. In the present study the thermal properties are function
of spatial and require dozens of individually estimated thermal property components to deﬁne it adequately
without any pre-assumed functional forms. For this reason it is called the function estimation problem.
The purpose of the present study is to treat this inverse problem as a function estimation problem, i.e. no
functional form of the unknown function is assumed before the inverse calculation, in determining simulta-
neously the eﬀective thermal conductivity, k(r), and volumetric heat capacity, C(r), for tissue in spherical coor-
dinate. This kind of problem has not been done previously and it is the contribution of this study.
Finally the inverse solutions for two diﬀerent eﬀective thermal conductivity and volumetric heat capacity
will be illustrated to show the validity of using the LMM in this inverse problem. A statistical analysis is also
considered to obtain a 99% conﬁdence bound for the estimated thermal properties.2. Direct problem
To illustrate the methodology for developing expressions for use in determining the spatial-dependent eﬀec-
tive thermal conductivity and heat capacity per unit volume for a biological tissue, we consider the following
C.-H. Huang, C.-Y. Huang / Applied Mathematical Modelling 31 (2007) 1785–1797 1787physical problem that was based on the Pennes’ bio-heat equation [8]. A tissue of radius r0 in spherical coor-
dinate is initially at a constant temperature T ðr; 0Þ ¼ T i . For time t > 0, the outer boundary surface at r ¼ r0
is subjected to a constant temperature T ðr0;tÞ ¼ T1.
In order to obtain the dimensionless heat transfer equations, the following dimensionless quantities should
be deﬁned:r ¼ r
r0
; kðrÞ ¼
kðrÞ
kr
; T ðr; tÞ ¼ T ðr;tÞ
T r
; CðrÞ ¼ CðrÞ
Cr
QðrÞ ¼ r
2
0QðrÞ
krT r
; t ¼
krt
Crr20
:Here k(r) and C(r) denote the eﬀective thermal conductivity and volumetric heat capacity, respectively, T is the
temperature, Q(r) represents the heat generation rate by tissue, and t denotes the dimensionless time. The sub-
script r represents the reference quantities.
The dimensionless formulation for heat transfer equation can be expressed as1
r2
o
or
r2kðrÞ oT ðr; tÞ
or
 
þ QðrÞ ¼ CðrÞ oT ðr; tÞ
ot
in 0 6 r 6 1; t > 0; ð1aÞ
oT ðr; tÞ
or
¼ 0 at r ¼ 0; ð1bÞ
T ¼ T ð1; tÞ at r ¼ 1; ð1cÞ
T ¼ T ðr; 0Þ for t ¼ 0: ð1dÞThe direct problems considered here are concerned with calculating the tissue’s temperature when the eﬀective
thermal conductivity, k(r), volumetric heat capacity, C(r), the initial and boundary conditions and heat gen-
eration rate Q(r) are given and known. The Crank–Nicolson ﬁnite diﬀerence method can be used to solve the
above direct problems.
3. Inverse problem
For the inverse problem considered here, the eﬀective thermal conductivity, k(r), and volumetric heat
capacity, C(r), are regarded as being unknown, but everything else in Eq. (1) is known. In addition, the mea-
sured temperature distributions within the space domain are considered available from the techniques of non-
contact measurements.
Let the measured temperatures at position r and time t be denoted by Y(r, t) = Yi,j, where i = 1 to m and
j = 1 to n. i and j represent the grid index in r and t coordinates while m and n indicate the grid numbers for r
and t coordinates. Then this inverse problem can be stated as follows: by utilizing the above mentioned mea-
sured temperature data Yi,j, estimate the unknown eﬀective thermal conductivity, k(r) = ki, and volumetric
heat capacity, C(r) = Ci, over the speciﬁed domain.
In order to simplify the derivation in the Levenberg–Marquardt method, the following equation is applied:P ¼ Pu ¼ fP 1; P 2; . . . ; P 2mg ¼ fk1; k2; k3; . . . ; km;C1;C2;C3; . . . ;Cmg; where u ¼ 1 to 2m: ð2Þ
The solutions of the present inverse problem are to be obtained in such a way that the following sum of the
least square norm is minimized:J ½P ¼
Xm
i¼1
Xn
j¼1
½T i;j  Y i;j2 ¼ ATA i ¼ 1 to m; j ¼ 1 to n: ð3ÞHere Ti,j are the estimated (or computed) temperatures. These quantities are determined from the solution of
the direct problem given in Eq. (1) by using the estimated eﬀective thermal conductivity, k(r), and volumetric
heat capacity, C(r).
4. Levenberg–Marquardt method for minimization
Eq. (3) is minimized with respect to the unknown parameters Pu to obtainoJ
oPu
¼ oT i;jðPuÞ
oPu
 
½T i;j  Y i;j ¼ 0 i ¼ 1 to m; j ¼ 1 to n; u ¼ 1 to 2m: ð4Þ
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the ﬁrst order terms. Then a damping parameter l is added to the resulting expression to improve conver-
gence, leading to the Levenberg–Marquardt method [9] given byðFþ lnIÞDP ¼ D; ð5aÞ
whereF ¼ WTW; ð5bÞ
D ¼ WTA; ð5cÞ
DP ¼ Pnþ1  Pn: ð5dÞHere the superscript n and T represent the iteration index and the transpose of matrix, respectively, I is the
identity matrix, and W denotes the Jacobian matrix and is deﬁned asW  oT
oPT
: ð6ÞThe Jacobian matrix deﬁned by Eq. (6) is determined by perturbing each unknown parameter Pu at one time
and computing the resulting change in temperature from the solution of the direct problem (Eq. (1)).
Eq. (5a) is now written in a form suitable for iterative calculation asPnþ1 ¼ Pn þ ðWTWþ lnIÞ1WTðT YÞ: ð7Þ
The algorithm of choosing this damping value ln is described in detail in Marquardt [9], so it is not repeated
here.
In accordance with the textbook by Alifanov et al. [10], the technique of gradient method used in the
inverse problems is also called the ‘‘Iterative Regularization Method (IRM)’’. For the conventional inverse
heat transfer problems, the technique of IRM has been proven to be a very powerful algorithm in handling
the inverse problems and has been applied to many diﬀerent applications. The main result of the analysis is
that the gradient method and the regularizing discrepancy principal as a sopping criterion for linear inverse
problems give a regularization method in the Tikhonov sense where the last iteration index is the regulariza-
tion parameter. For this reason no smoothing term is used for regularization.
5. The stopping criteria
If the problem contains no measurement errors for the temperatures, the traditional check condition is
speciﬁed asJ ½P < e; ð8Þ
where e is a small-speciﬁed number. However, the measured temperature may contain errors. Therefore, we do
not expect the least square norm equation (3) to be equal to zero at the ﬁnal iteration step. Following the expe-
rience of Alifanov [11], we use the discrepancy principle as the stopping criterion, i.e. we assume that the
expected temperature residuals may be approximated byjT i;j  Y i;jj  r; ð9Þ
where r is the standard deviation of the measured temperature, which is assumed to be a constant. Substitut-
ing Eq. (9) into Eq. (3), the following expression is obtained for e:e ¼ r2  m n: ð10Þ
Then, the stopping criterion is given by Eq. (8) with e determined from Eq. (10).
6. Computational procedure
The iterative computational procedure for this inverse problem can be summarized as follows:
Choose the initial guess for eﬀective thermal conductivity and volumetric heat capacity, P0(r), to start the
computation.
C.-H. Huang, C.-Y. Huang / Applied Mathematical Modelling 31 (2007) 1785–1797 1789Step 1: Using P0(r), solve the direct problem to obtain the estimated (or computed) temperature T.
Step 2: Construct the Jacobian matrix in accordance with Eq. (6).
Step 3: Update P from Eq. (7).
Step 4: Check the stopping criterion; if not satisﬁed, goes to Step 1 and iterate.
7. The statistical analysis
Statistical analysis is important in determining the accuracy of the computed inverse solutions. In this sec-
tion we develop the conﬁdence bounds analysis for the estimated eﬀective thermal conductivity and volumetric
heat capacity, P, by assuming independent, constant–variance errors. The variance–covariance matrix of the
estimated parameter vector P is deﬁned as [12]Var–covðPÞ  E½P EðPÞ½P EðPÞT; ð11Þ
where P = P(Y) is the unknown thermal properties vector, Y is the measured temperature vector, E(Æ) denotes
the statistical expected value (averaging) operator, and superscript T refers to the transpose. Eq. (11) is a non-
linear system for the determination of the variance–covariance matrix.
The right-hand side of Eq. (11) is then linearized by expanding P and E(P) in Taylor series and neglecting
the higher-order terms. We obtainVar–covðPÞ ¼ oP
oYT
 
E½½Y EðYÞ½Y EðYÞT oP
T
oY
 
: ð12ÞFor independent temperature measurements with constant variance r2, we have [12]E½½Y EðYÞ½Y EðYÞT ¼ r2I: ð13Þ
Introducing Eq. (13) into Eq. (12), the variance–covariance matrix becomesVar–covðPÞ ¼ r2 oP
oYT
 
oPT
oY
 
: ð14ÞTo express right-hand side of Eq. (14) in terms of Jacobian, the method of chain-rule is applied and the high-
order terms are neglected. After some length manipulations the following equation is obtained:Var–covðPÞ ¼ r2 oT
T
oP
 
oT
oPT
  1
: ð15ÞHere the Jacobian matrix and its transpose are evaluated from the results of direct problem by perturbing the
unknown parameters.
If we assume independent errors, the nondiagonal elements in the variance–covariance matrix vanish and
can be written in explicit form asVar–covðPÞ ¼
r2P 1 0    0
0 r2P 2
..
.
..
. . .
.
0
0    0 r2P 2m
26666664
37777775; ð16Þthen a comparison of Eqs. (15) and (16) gives the standard deviation of the estimated parameters rP asrP ¼ r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
diag
oTT
oP
 
oT
oPT
  1s
; ð17Þ
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Based on Eq. (17), if the measurement error is assumed normal distribution, it is quite intuitional that the esti-
mates are normal as well!
Once the standard derivation of the estimated thermal properties are obtained it is nature that some con-
ﬁdence bounds are of interesting. For this reason Flach and Ozisik [6] proposed the equation of the conﬁdence
bounds for the estimated quantities.
If we now assume a normal distribution for the measurement errors, the 99% conﬁdence bounds are deter-
mined as [6]fP 2:576rP 6 Pmean 6 Pþ 2:576rPg ¼ 99%: ð18ÞThis expression deﬁnes the approximate statistical conﬁdence bounds for the estimated parameter vector P,
i.e. the estimated values of thermal properties of tissue are expected to lie between these two bounds with a
99% conﬁdence.
8. Results and discussion
The objective of this study is to show the validity of the Levenberg–Marquardt method in simultaneously
estimating the spatial-dependent eﬀective thermal conductivity and volumetric heat capacity, k(r) and C(r), for
tissue with no prior information on the functional form of the unknown quantities.
Two numerical examples, with diﬀerent functional form for k(r) and C(r) (which are in terms of P in the
following discussions), will be examined to illustrate the accuracy of the present algorithm in this inverse prob-
lem based on the knowledge of measured temperatures. In all the test cases considered here, the initial guesses
of P used to begin the iteration are taken as P 0u ¼ 1:0.
In order to compare the results for situations involving random measurement errors, we assume normally
distributed uncorrelated errors with zero mean and constant standard deviation. The simulated inexact mea-
sured temperature Y(r, t) (or Yi,j) and can be expressed asY i;j ¼ Y i;j;exact þ xir; ð19Þwhere Yi,j,exact are the solutions of the direct problem with the exact values for P; r is the standard deviation of
the temperature measurements, respectively; and xi are the random variable that generated by subroutine
DRNNOR of the IMSL [14] and will be within 2.576 to 2.576 for a 99% conﬁdence bound.
We now present below two numerical experiments in determining P, i.e. k(r) and C(r), by the inverse
analysis.
8.1. Numerical test case 1
The parameters for the direct problem are given as follows:QðrÞ ¼ 1:0; T ð1; tÞ ¼ 30:0; T ðr; 0Þ ¼ 0:0; tf ¼ 0:1:Besides, the space and time increments used in numerical calculations are taken as Dr = 0.05 and
Dt = 0.005, respectively for a total time tf = 0.1. Therefore a total of 42 unknown discreted coeﬃcients are
to be determined in this study using 420 dynamic measurement temperature data. It should be noted that
the system becomes over-determined and the unique solution can thus be obtained.
The exact spatial-dependent eﬀective thermal conductivity and volumetric heat capacity for tissue are
assumed asCðrÞ ¼ 5þ 2 cosð2prÞ; 0 < r 6 1; ð20aÞ
KðrÞ ¼ 3þ 2 sinð2prÞ; 0 < r 6 1: ð20bÞThe inverse analysis is ﬁrstly performed by assuming exact measurements, r = 0.0. By setting e = 3 · 1013,
after two iterations the functional can be decreased to J = 2.02 · 1014. The measured and estimated temper-
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Fig. 1. The measured and estimated temperature distributions using exact measurements in test case 1.
C.-H. Huang, C.-Y. Huang / Applied Mathematical Modelling 31 (2007) 1785–1797 1791atures, Y and T, are shown in Fig. 1 while the exact and estimated k(r) and C(r) are shown in Figs. 2 and 3,
respectively. It can be seen from Figs. 1–3 that there is a good agreement between the measured and estimated
temperatures, and the exact and estimated k(r) and C(r).
The average errors for estimated temperatures T(r, t), k(r) and C(r) are calculated as ERR1 = 0.00016%,
ERR2 = 0.00029% and ERR3 = 0.00082%, respectively, where the average errors for the estimated T(r, t),
k(r) and C(r) are deﬁned asERR1% ¼
X20
j¼1
X21
i¼1
T i;j  Y i;j
Y i;j
 
" #,
420 100%; ð21aÞ
ERR2% ¼
X21
i¼1
C^i  Ci
Ci


" #,
21 100%; ð21bÞ
ERR3% ¼
X21
i¼1
k^i  ki
ki


" #,
21 100%: ð21cÞHere i and j represent the index of discreted space and time, while bCi and k^i denote the estimated value.
Next, we should discuss the inﬂuence of the measurement errors on the inverse solutions. The measurement
error for the temperatures are taken as r = 0.01 (about 1% of the average measured temperature), the stopping
criteria can be obtained by discrepancy principle and given in Eq. (10). The number of iteration under this
consideration is 9. The estimated k(r) and C(r) as well as their 99% conﬁdence bounds are shown in Figs. 4
and 5, respectively. It can be seen from Figs. 4 and 5 that the estimations become inaccurate near r = 0.
We should note that Eq. (1a) becomes undeﬁned at r = 0, for this reason the term containing 2r
oT
or should be
replaced exactly by 2 o
2T
or2 , then the problem can be solve numerically. However when there exist measurement
errors, the above two relations are not identical and the estimated parameters near r = 0 become inaccurate.
This phenomenon has not been discussed previously.
The average errors for the estimated C(r) and k(r) are calculated as ERR2 = 3.57% and ERR3 = 4.27%,
respectively. This implies that, except for the region near r = 0, reliable inverse solutions can still be obtained
when measurement errors are considered.
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Fig. 2. The exact and estimated volumetric heat generation using exact measurements in test case 1.
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Fig. 3. The measured and estimated irradiance distributions using exact measurements in test case 1.
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The parameters for the direct problem, the space and time increments used in numerical test case 2 are
taken the same as were used in numerical test case 1.
The exact spatial-dependent eﬀective thermal conductivity and volumetric heat capacity for tissue are given
as the following step functions:
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Fig. 4. The exact and estimated diﬀusion coeﬃcient using exact measurements in test case 1.
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Fig. 5. The exact and estimated absorption coeﬃcient using exact measurements in test case 1.
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8:0; 0 6 r < 1
4
;
6:0; 1
4
6 r < 1
2
;
4:0; 1
2
6 r < 3
4
;
2:0; 3
4
6 r < 1;
8>><>>: ð22aÞ
CðrÞ ¼
2:0; 0 6 r < 1
4
;
4:0; 1
4
6 r < 1
2
;
6:0; 1
2
6 r < 3
4
;
8:0; 3
4
6 r < 1:
8>><>>: ð22bÞ
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Fig. 6. The exact and estimated volumetric heat generation using inexact measurements in test case 1.
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volumetric heat capacity. It is expected that the inverse solutions are worse than test case 1.
When considering exact measurements for temperatures and following the similar procedures as performed
in test case 1, for e = 3 · 1013, after 14 iterations the functional is decreased to J = 1.76 · 1014. The mea-
sured and estimated temperatures, Y and T, are shown in Fig. 6, while the inverse solutions are reported in
Figs. 7 and 8 for the estimated thermal conductivity and volumetric heat capacity, respectively. The average
errors for estimated temperature T(r, t), k(r) and C(r) are calculated as ERR1 = 0.00042%, ERR2 = 0.00027%0 0.2 0.4 0.6 0.8 1
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Fig. 7. The exact and estimated diﬀusion coeﬃcient using inexact measurements in test case 1.
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Fig. 8. The exact and estimated absorption coeﬃcient using inexact measurements in test case 1.
C.-H. Huang, C.-Y. Huang / Applied Mathematical Modelling 31 (2007) 1785–1797 1795and ERR3 = 0.00036%, respectively. Again, from Figs. 6–8 we learn that good estimations for the thermal
properties of tissue have been obtained.
Next, when the measurement error for temperature is taken as r = 0.01 (about 1% of the average measured
temperature), the number of iteration to obtain the inverse solutions for r = 0.01 is 9. The estimated thermal
properties for k(r) and C(r) as well as their 99% conﬁdence bounds are shown in Figs. 9 and 10, respectively.
The average errors for the estimated C(r) and k(r) are calculated as ERR2 = 4.49% and ERR3 = 5.27%,
respectively. Again for the same reason as stated previously, the estimated C(r) and k(r) become not accurate
near r = 0 when considering measurement errors.0 0.2 0.4 0.6 0.8 1
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Fig. 9. The exact and estimated diﬀusion coeﬃcient using exact measurements in test case 2.
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Fig. 10. The exact and estimated absorption coeﬃcient using exact measurements in test case 2.
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dependent eﬀective thermal conductivity and volumetric heat capacity, k(r) and C(r), for tissue is now com-
pleted. Reliable estimations can be obtained when using either exact or error measurements.
9. Conclusions
The Levenberg–Marquardt method (LMM) was successfully applied for the solution of this inverse prob-
lem to estimate simultaneously the unknown the spatial-dependent eﬀective thermal conductivity and volu-
metric heat capacity, k(r) and C(r), for tissue by utilizing simulated temperature readings. Two numerical
test cases involving diﬀerent form of thermal properties and measurement errors were considered. The results
show that the inverse solutions obtained by LMM are still reliable as the measurement errors are considered.
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